Abstract-The paper presents a numerical algorithm for constructing a decentralized state feedback guaranteed cost controller for an uncertain system. The uncertain systems under consideration contain structured uncertainty described by integral quadratic constraints. The decentralized controller is designed to achieve a closed loop system which is absolutely stable and such that a cost function satisfies a given bound for all admissible uncertainties. The main result gives an algorithm for constructing the desired controller in terms of LMIs subject to rank constraints.
I. INTRODUCTION
This paper considers the problem of decentralized state feedback control for a class of uncertain systems. The problem of robust decentralized control has attracted a great deal of interest in the control theory literature; e.g., see [1] - [5] . The results of this paper build on the results in a recent paper [6] which considers a new approach to the problem of decentralized state feedback guaranteed cost control of uncertain systems. A feature of this approach is that it can enable the controller to exploit the interconnections between subsystems. This is achieved by choosing a controller gain matrix which is the diagonal part of a non-decentralized controller gain matrix and the off diagonal terms in the controller gain matrix are treated as uncertainties.
As in [6] , we consider a class of uncertain systems with uncertainty described by Integral Quadratic Constraints (IQCs); e.g., see [4] . The specific problem considered in [6] is a guaranteed cost control problem with a given quadratic performance index. A decentralized state feedback controller is constructed such that the corresponding closed loop system is absolutely stable and the cost function satisfies a given bound for all admissible uncertainties.
The design method proposed in [6] involves solving an algebraic Riccati equation of the H ∞ control type which is dependent on a number of scaling parameters. Furthermore, some of these scaling parameters are required to satisfy some constraints relating to the norm of the off-diagonal blocks of the controller gain matrix obtained from the solution of the Riccati equation. However, no indication is given in [6] as to how these unknown scaling parameters might be constructed. In this paper, we propose a numerical algorithm which will enable these scaling parameters to be constructed. This numerical algorithm involves the solution to a rank constrained LMI problem, see [7] and the references therein. Although such rank constrained LMI problems may in general be difficult to solve, some of the currently available algorithms, such as LMIRank [8] , have been found to lead to solutions to this problem in many practical situations. The paper concludes with an example which illustrates the proposed algorithm.
II. PROBLEM STATEMENT
We consider a class of uncertain linear systems of the type considered in the paper [9] . These uncertain systems are described by state equations of the forṁ
. . .
where x(t) ∈ R n is the state, u(t) ∈ R m is the control input, z 1 (t) ∈ R h 1 , z 2 (t) ∈ R h 2 , . . . , z k (t) ∈ R h k are the uncertainty outputs and ξ 1 (t) ∈ R r 1 , ξ 2 (t) ∈ R r 2 , . . ., ξ k (t) ∈ R r k are the uncertainty inputs. Also, it is assumed that the initial condition x(0) = x 0 is a Gaussian random vector with mean zero and variance I; i.e., x 0 ∼ N(0, I).
It is assumed that the state vector x(t) ∈ R n and the control input vector u(t) ∈ R m have been decomposed into p components as follows
where
Each of the components x i is the state vector of a subsystem of the overall uncertain system under consideration, and each of the components u i is regarded as the control input vector for the subsystem with state vector x i . Note that no assumptions are made concerning the structure of the system matrices A and B 2 .
Associated with the system (1), is the cost function
where Q = Q ′ > 0, R = R ′ > 0 are given weighting matrices. System Uncertainty. The uncertainty in the above system is described by equations of the form:
where the following Integral Quadratic Constraint is satisfied. Definition 1: (Integral Quadratic Constraint; see [4] , [9] .) Let S 1 > 0, S 2 > 0, . . . , S k > 0, be given positive-definite matrices. Then an uncertainty of the form (4) is an admissible uncertainty for the system (1) if the following conditions hold: Given any locally square integrable control input u(·) and any corresponding solution to equations (1), (4) with an interval of existence (0,t ⋆ ) (that is, t ⋆ is the upper time limit for which the solution exists), then there exists a sequence
for all i and for s = 1, 2, . . . , k. Here · denotes the standard Euclidean norm. Also, note that t ⋆ and t i may be equal to infinity.
In the above definition, the signal ξ i (·) accounts for the presence of uncertain dynamics which are driven by the uncertainty output z i (·). This uncertainty description captures a broad class of uncertainties including nonlinear and timevarying dynamic uncertainties. It also allows to account for effects of non-zero initial conditions of uncertain dynamics as well as noises and delays. The terms on the right hand sides of the IQCs (5) correspond to bounds on these effects. We use the time-domain IQCs to describe the relation between ξ i (·) and z i (·), which is originally from the work of Yakubovich [10] - [12] . This is different from the frequencydomain IQCs introduced in [13] , in which the signals under consideration must be square integrable. The time-domain IQC uncertainty description is able to overcome this and allows us to deal with unstable nominal systems; see [4] for more detailed discussions.
We will consider a problem of constructing a decentralized linear state feedback controller of the form
such that the resulting closed loop system is absolutely stable and the cost function (3) satisfies a guaranteed cost bound. Definition 2: The controller (6) is said to be a guaranteed cost controller for the uncertain system (1), (5) with the cost function (3) if the following conditions hold:
(i) The closed loop uncertain system defined by (1), (6) and (5) is internally stable; that is, all of the eigenvalues of A + B 2K lie in the open left half plane, whereK
There exists a constant c 0 > 0 such that the following conditions hold: For any x 0 ∈ R n , the closed loop uncertain system defined by (1), (6) and (5) with initial condition x(0) = x 0 is such that for all admissible uncertainties, the corresponding solution to the closed loop system satisfies
. Also, the closed loop system is such that the cost (3) satisfies the bound J 0 ≤ c 0 .
Definition 3: (See also [4] , [9] .) The closed loop uncertain system defined by (1), (6) and (5) is said to be absolutely stable if there exists a constant c > 0 such that the following conditions hold:
(i) For any initial condition x(0) = x 0 and any uncertainty inputs ξ s (·) ∈ L 2 [0, ∞), the closed loop uncertain system defined by (1), (6) and (5) has a solution which is defined on [0, ∞).
(ii) Given any admissible uncertainty for the closed loop uncertain system defined by (1), (6) and (5), then all corresponding solutions to the closed loop system
Here,
III. CONTROLLER DESIGN
A new approach to construct decentralized state feedback guaranteed cost controllers for uncertain systems (1), (5) is presented in [6] . The main idea of [6] is to design a full state feedback controller u = Kx using the methodology described in [9] . Then, a decentralized state feedback controller is obtained by taking only the block-diagonal part of the feedback matrix K. The ignored blocks of the matrix K are treated as additional uncertainties which are added to the uncertainties in the original uncertain system (1), (5) . The readers are referred to [9] for more details. We briefly review this approach in this section.
p−1 > 0 be given constants. We consider the following algebraic Riccati equation
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Notice hereD
. . , β l p−1 > 0 are to be chosen so that this Riccati equation has a minimal positive-definite solution X > 0. Let
and partition K to be compatible with x, u in (2) as follows:
We then construct the corresponding decentralized state feedback controller u(t) =Kx(t),
Define (13) where (8) has a solution X > 0 and the corresponding full state feedback gain matrix K defined in (10) is such that the sub-matrices defined by (13) satisfy the bounds
Then the corresponding decentralized controller u(t) =Kx(t) defined by (11) , (12) is a guaranteed cost controller for this uncertain system. Furthermore, the corresponding value of the cost function (3) satisfies the bound
for all admissible uncertainties and moreover, the closed loop uncertain system is absolutely stable. Note that the bound in (15) is slightly different from the one derived in [6] . Indeed, in [6] this bound is
where S u s , S l s , s = 1, · · · , p − 1 are any positive-definite matrices, thus can be chosen arbitrarily small; therefore the bound in (15) also holds. Now the problem remaining is that how to solve the optimization problem minimizing the performance bound on the right-hand side of (15) subject to the parameterized Riccati equation (8) and the norm constraints in (14) . In the next section, we try to tackle this problem numerically and transform it into an equivalent rank constrained LMI problem, which can be solved by some available software such as LMIRank [8] .
IV. A RANK CONSTRAINED LMI APPROACH
As shown in Theorem 1, the proposed decentralized state feedback controller design involves solving a parameterized game-type Riccati equation. Generally, it is difficult to provide a systematic way to solve such a problem. In this section, we discuss one possible approach to address this difficulty numerically. Similar to the technique used in [14] , the idea is to replace Riccati equation (8) and norm constraints (14) with a suboptimal problem involving rank constrained LMIs.
Instead of the Riccati equation (8), consider the following Riccati inequality,
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It can be easily proved that Theorem 1 also holds for the controllerK in (11), (12) corresponding to the case in which X in (10) is a solution to this Riccati inequality (16) instead of the Riccati equation (8); see [6] , [15] for details. By left and right multiplying (16) withX = X −1 , we obtain
Then, by Schur complement and noting that E = R, (17) is equivalent to
Defineτ
Substituting (9) into (18), we have
Next, consider the norm constraints (14) . Define (14) and (19), we have
which are equivalent to
Now consider the performance upper bound on the righthand side of (15) . Note that minimizing tr[X + ∑ k s=1 τ s S s ] is equivalent to minimizing tr(W ) where W ∈ R n×n and
Consider the following optimization problem in the vari-
Note that this problem is a problem of minimizing a linear cost subject to rank constrained LMIs. As mentioned in the introduction, to solve this problem in our numerical experiments, we use the rank constrained LMI solver LMIRank [8] .
We summarize the proposed control design algorithm as follows.
• Solve the rank constrained LMI optimization problem in (27) to obtain X > 0.
• Calculate K in (10).
• Construct the decentralized state feedback controllerK (12) .
V. ILLUSTRATIVE EXAMPLE
In this section, we consider a problem of decentralized robust guaranteed cost control in order to illustrate the algorithm developed above. We consider an uncertain system described by the following state equationṡ
where 
This example is a modification of the example given in [16] . Indeed, the example is modified by the addition of the structured norm bounded uncertainty ∆ and regarding timedelayed states as input uncertainties. In this example, x, u is partitioned such that [n 1 , n 2 ,
. It is desired to construct a decentralized guaranteed cost controller which leads to a guaranteed upper bound on the cost functional
where Q = I 6 ; R = I 5 .
In order to fit this uncertain system into the framework of the theory developed above, we define the uncertainty output variables z i (t) = C 1,i x(t) and the uncertainty input variables ξ i (t) = ∆z i (t), i = 1, 2, 3. From the norm bound on ∆ i , it follows that the signals ξ i (t) and z i (t) satisfy the IQC (5) for any positive-definite matrices S i , i = 1, 2, 3. We now have an uncertain system of the form (1), (5) and we apply the algorithm presented in Section IV to obtain the optimal values of the parameters Furthermore, the decentralized guaranteed cost controller was obtained from the block-diagonal components of the full state feedback controller defined in (10) as in (11), (12) . The full state feedback controller gain matrix was These results show that the decentralized controller maintains good performance in the face of significant model uncertainty.
VI. CONCLUSIONS
In this paper, we have presented a numerical algorithm for robust decentralized state feedback guaranteed cost control building on the approach presented in [6] . The key idea of our algorithm is to reformulate the parameterized algebraic Riccati equation in terms of rank constrained LMIs which would be solved to obtain both the matrix X and the scaling parameters. 
